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A long-standing open problem in non-Markovian quantum state diffusion (QSD) approach to open
quantum systems is to establish the non-Markovian QSD equations for multiple qubit systems. In
this paper, we settle this important question by explicitly constructing a set of exact time-local
QSD equations for N-qubit systems. Our exact time-local (convolutionless) QSD equations have
paved the way towards simulating quantum dynamics of many-body open systems interacting with
a common bosonic environment. The applicability of this multiple-qubit stochastic equation is
exemplified by numerically solving several quantum open many-body systems concerning quantum
coherence dynamics and dynamical control.
PACS numbers: 03.65.Yz, 05.40.-a, 42.50.Lc, 37.30.+i
I. INTRODUCTION
Dynamical aspect of quantum open systems has been
investigated for many years and developed in different
formalisms [1–7]. Typically, the state of an open sys-
tem is described by a density operator governed by a
master equation that plays a pivotal role in the fields
of quantum optics, quantum dissipative dynamics and
quantum information. When the environment is a struc-
tured medium or the system-environment interaction is
strong, Lindblad Markov master equations are prone to
fail. Then non-Markovian master equations or the alter-
native non-Markovian approaches such as quantum tra-
jectories or quantum jump must be used [8–12]. Notably,
a non-Markovian quantum jump approach has been de-
veloped based on some Lindbald-type master equations
[13, 14]. Despite extensive efforts, deriving an exact mas-
ter equation without invoking the Born-Markov approx-
imations (weak couplings and memoryless environment)
in a fully microscopic way has achieved only limited suc-
cess in practice, and is mostly restricted in a few isolated
models such as the quantum Brownian motion model
[7, 15, 16], a leaky cavity model [17, 18], a phase damping
model [19], a two-level atom coupled to a quantized ra-
diation field [20], a two-body system in a collective bath
[21, 22] and a single multi-level atomic system [23]. For
a genuine many-body open system such as a multi-two-
level atomic system (qubits) coupled to a fully quantized
environment, the existence of an exact non-Markovian
dynamical equation [24] such as master equation is still
largely unknown.
It has been shown that the non-Markovian quantum
state diffusion (QSD) equations for the stochastic pure
states can formally solve a quantum open system cou-
pled to a bosonic environment irrespective of environ-
mental memory, coupling strength and the spectral den-
sity [25–29]. The generality of the QSD equation has
given it appeal as both numerical and theoretical tools for
a non-Markovian open system. On the other hand, the
time-nonlocal feature of the non-Markovian QSD equa-
tions has been a major obstacle in general implementa-
tions of the trajectory formalism for a realistic physical
system. Therefore, it is highly desirable to develop a
time-local non-Markovian formalism that is applicable to
many-body open systems.
In this paper, we report explicit constructions of ex-
act time-local QSD equations for multiple qubit sys-
tems. In particular, we show that these exact time-
local QSD equations contain only finite polynomial noise
terms. Our method of deriving the exact N -qubit QSD
equations can be modified straightforwardly to deal with
other multi-atomic models with arbitrary energy-level
and number of atoms. Such non-Markovian quantum
trajectory equations are capable of describing the transi-
tion from non-Markovian to Markov regimes for N -body
quantum open systems (N > 3).
The paper is organized as follows. In Sec. II, we intro-
duce the basic idea of non-Markovian quantum trajec-
tory approach including the linear and non-linear QSD
equations. In Sec. III, a theorem is established about
the explicit construction of the exact time-local QSD
equation as well as the so-called O-operator for the N -
qubit dissipative model. Then, this many-body QSD
equation is employed to the quantum dynamics and non-
perturbative dynamical decoupling of a three-qubit sys-
tem in Sec. IV. Finally, we conclude the paper in Sec.V.
In appendices A and B, the details about the O-operator
in N -qubit dissipative model and the explicit construc-
tion of the O-operator for a general three-qubit dissipa-
tive system are provided.
2II. THE MODEL AND THE EXACT QSD
EQUATION
A generic quantum open system in the system plus
environment framework can be written as (setting ~ = 1):
Htot = Hsys +Hint +Henv, (1)
where Hsys is the Hamiltonian of the system of interest,
Hint =
∑
k
(g∗
k
La†
k
+ gkL
†ak) is the interaction Hamil-
tonian and Henv =
∑
k
ωka
†
k
ak describes a quantized
field (environment). Note that L is a system operator
characterizing the mutual coupling between the system
and the environment. At zero temperature T = 0, the
environmental correlation function is determined by the
noise operator B(t) =
∑
k
gkake
−iωkt in the interaction
picture: α(t, s) = 〈0|[B(t) + B†(t)][B(s) + B†(s)]|0〉 =∑
k
|gk|2e−iωk(t−s).
Here we use |Ψtot(t)〉 to represent the state of the total
system at time t, then the reduced density operator ρt for
the system of interest is given by ρt = Trenv[|Ψtot〉〈Ψtot|]
obtained by tracing out the environmental degrees of
freedom. If the system and its environment are initially
uncorrelated, it has been shown that the density oper-
ator for the open system can be decomposed into a set
of continuous quantum trajectories living in the system’s
Hilbert space, denoted by ψt(z
∗). The trajectory ψt(z
∗)
is governed by a linear stochastic Schro¨dinger equation,
termed linear QSD equation [25, 26]:
∂tψt(z
∗) =
(− iHsys + Lz∗t − L†
∫ t
0
dsα(t, s)
δ
δz∗s
)
ψt(z
∗),
(2)
where z∗t = −i
∑
k
g∗
k
z∗
k
eiωkt is a complex Gaussian pro-
cess satisfying M [zt] = M [z
∗
t z
∗
s ] = 0, and M [ztz
∗
s ] =
α(t, s). Here M [·] denotes the ensemble average over the
classical noise z∗t . Note that α(t, s) is the correlation
function defined above. The quantum trajectory ψt(z
∗)
is designed to recover the density operator of the system
by taking ensemble average: ρt = M [|ψt(z∗)〉〈ψt(z∗)|] =∫
dz2
pi e
−|z|2 |ψt(z∗)〉〈ψt(z∗)|.
The formal non-Markovian QSD equation (2) is a re-
markable result since it is completely general irrespec-
tive of spectral density of environment and coupling
strength. The appearance of functional derivative in
Eq. (2) is strongly reminiscent of the convolution ker-
nel appearing in the Nakajima-Zwanzig master equations
obtained by projection operator technique [6, 30]. Thus,
for the purpose of practical applications, one can recast
the existing functional derivative into a time-local form:
δψt(z
∗)/δz∗s = O(t, s, z
∗)ψt(z
∗). Combined with the con-
sistency condition δδz∗s
∂ψt
∂t =
∂
∂t
δψt
δz∗s
, this form yields the
equation of motion of the O-operator [26–28]:
∂O
∂t
=
[−iHsys + Lz∗t − L†O¯, O]− L† δO¯δz∗s , (3)
where O¯(t, z∗) ≡ ∫ t0 dsα(t, s)O(t, s, z∗) and the initial
condition O(s, s, z∗) = L is satisfied. Once the O-
operator can be explicitly constructed, then the original
QSD equation (2) takes a desirable time-local form:
i∂tψt =
[
Hsys + iLz
∗
t − iL†O¯(t, z∗)
]
ψt ≡ Heffψt. (4)
Clearly, finding the solutions to the nonlinear operator
equation (3) is by no means trivial. It can be shown
from the stochastic propagator of the linear QSD equa-
tion, formally the O-operator defined in the expression
δψt(z
∗)/δz∗s = O(t, s, z
∗)ψt(z
∗) indeed exist, but deter-
mination of its explicit expression is typically a difficult
issue. Once the explicit time-local QSD equation is de-
rived, we have shown recently that a time-local master
equation may be derived directly from the time-local
QSD equation [31]. Such a derivation is applicable to
a generic N -qubit systems coupled to a common bath
where a general Lindblad type of time-local master equa-
tions may be obtained [6, 32]. The difficulty in the ex-
pansion process of the memory kernel for the time-local
master equation has been transferred to the solution of
O-operator through consistency condition (3). Up to
now, several physically interesting examples have been
explicitly solved [26, 27, 33]. Here for the first time, we
have derived the time-local QSD equations for a large
class of many-qubit systems that are of importance in
atomic many-body physics, quantum information science
and quantum optics.
For numerical simulations, one must use the normal-
ized pure states ψ˜t(z
∗) = ψt(z
∗)
||ψt(z∗)||
with ||ψt(z∗)|| =
〈ψt(z∗)|ψt(z∗)〉1/2, which is governed by a nonlinear ver-
sion of the QSD equation [26]:
d
dt
ψ˜t = −iHsysψ˜t +∆t(L)z˜∗t ψ˜t
− ∆t(L†)O¯(t, z˜∗)ψ˜t + 〈∆t(L†)O¯(t, z˜∗)〉tψ˜t,
where ∆t(A) ≡ A − 〈A〉t for any operator A, 〈A〉t ≡
〈ψ˜t|A|ψ˜t〉 denotes the quantum average, and z˜∗t = z∗t +∫ t
0 dsα
∗(t, s)〈L†〉s is the shift noise. For all the numerical
results to be presented below, we always use the normal-
ized nonlinear QSD equation.
III. TIME-LOCAL NON-MARKOVIAN
O-OPERATOR FOR N-QUBIT SYSTEM
Equation (3) manifests that the O-operator may be
determined by the commutation relations involving Hsys
and L together with a set of basis operators. In general,
the O-operator may be expanded as [28],
O(t, s, z∗) = O(0)(t, s) +
M∑
k=1
O(k)(t, s, z∗), (5)
where O(0)(t, s) =
∑
j fj(t, s)O
(0)
j is the noise-free
term; O(1)(t, s, z∗) =
∑
j
∫ t
0 p
(1)
j (t, s, s1)z
∗
s1ds1O
(1)
j is
the linear-noise term, and in general O(k)(t, s, z∗) =
3∑
j
∫ t
0 · · ·
∫ t
0 p
(k)
j (t, s, s1, · · · , sk)z∗s1 · · · z∗skds1...dskO
(k)
j
contains the kth-order polynomial noises. The O-
operator contains up to Mth-order noise integral and
a finite M means the corresponding model could be
solved exactly. Note that all the basis operators O
(k)
j ’s
and the functions fj’s, p
(k)
j ’s are noise-free. Moreover,
the basis operators O
(k)
j ’s are time-independent. The
equations for fj ’s and p
(k)
j ’s may be obtained from
Eq. (3). Below, we shall show that convergent and
polynomial O-operators can be explicitly constructed for
many-qubit models.
Theorem For the open system model with
Hsys =
ω
2
N∑
j=1
σ(j)z , L =
N∑
j=1
σ
(j)
− , (6)
the exact O-operator (5) can be explicitly determined.
It contains up to M = (N − 1)-order noises. That is
O
(k)
j = 0 if k > N .
N \ k 0 1 2 3 4 5 6 7 8
1 1 0 0 0 0 0 0 0 0
2 2 1 0 0 0 0 0 0 0
3 4 2 1 0 0 0 0 0 0
4 6 4 2 1 0 0 0 0 0
5 9 6 4 2 1 0 0 0 0
6 12 9 6 4 2 1 0 0 0
7 16 12 9 6 4 2 1 0 0
8 20 16 12 9 6 4 2 1 0
9 25 20 16 12 9 6 4 2 1
TABLE I. This table summarizes the explicit constructions
of the O-operator for N qubits system with identical fre-
quency. The notation k stands for the orders of noises con-
tained in the O-operator for the N-qubit dissipation model
(N = 1, 2, · · · , 9). For instance, when N = 2, m(2, 0) =
2, m(2, 1) = 1, m(2, k) = 0 (k > 2).
The general proof of Theorem for an arbitrary N is
rather cumbersome (For details, see Appendix A). If we
use m(N, k) (0 6 k 6 N − 1) to denote the number of
terms with k-fold noise integration in the O-operator, we
have the following relations indicated in Table I:
m(N, 0) = m(N − 2, 0) +N, (7)
m(N, k) = m(N − 1, k − 1), (8)
with m(1, 0) = 1. Table I lists the numbers m(N, k) for
the models up to 9 qubits. Obviously, when N = 1, the
O-operator just reduces to O(t, s, z∗) = f(t, s)σ− for the
case of a single qubit [26] with Hsys =
ω
2 σz and L = σ−.
When N = 2, it is easy to check that O(t, s, z∗) =
f1(t, s)O
(0)
1 +f2(t, s)O
(0)
2 +i
∫ t
0
ds1p(t, s, s1)z
∗
s1O
(1)
1 , where
O
(0)
1 = σ
A
−+σ
B
− , O
(0)
2 = σ
A
z σ
B
−+σ
A
−σ
B
z , andO
(1)
1 = σ
A
−σ
B
− .
As an application, we point out that the exact two-qubit
time-local QSD equation allows us to calculate the entan-
glement evolution of the density matrix constructed from
non-Markovian quantum trajectories [22]. Similarly, the
exact equations for the three-qubit O-operator can be
determined explicitly (See Appendix B).
The result in Theorem regarding O-operators can be
generalized to the N -qubit systems where each qubit has
a different frequency Hsys =
∑
j ωjσ
(j)
z /2 and the general
coupling operator L =
∑
j gjσ
(j)
− . It is expected that
more basis operators will be needed in the O-operator
construction listed in Table I for k 6 N − 2. Actually,
they could be obtained by decomposing those operators
for the isotropic case in Eq. (6). In the end of Appendix
B, we have given explicitly the basis operators for the
three-qubit O-operator. Furthermore, we point out that
the non-Markovian QSD can be used to simulate a multi-
ple high-spin dissipative modelHsys =
∑
n ωnJ
(n)
z , whose
total spin number is N =
∑
n jn. The O-operator also
has up to (N − 1)-th order of noise integral [23]. How-
ever, it is easy to see that the O-operators for a N-qubit
system are generally very different from the O-operators
for the specific N-level system considered in [23].
IV. NUMERICAL RESULTS AND
DISCUSSIONS
Below, numerical results for the non-Markovian quan-
tum dynamics of many-body systems are presented. For
simplicity, and for recovering the Markov limit, we as-
sume that the correlation function of the environment is
described by a Ornstein-Uhlenbeck process:
α(t, s) =
γ
2
e−γ|t−s|. (9)
Clearly, the Ornstein-Uhlenbeck noise recovers the
Markov limit when γ → ∞. It should be noted, how-
ever, that our time-local QSD equations are valid and
available for arbitrary types of correlation functions.
The first example shows how a three-qubit system
evolves when coupled to a common multiple-mode en-
vironment. The exact time-local QSD equation can be
derived explicitly (For details, see Appendix B). Our nu-
merical simulations with the zeroth-order O(0)(t, s) and
the first-order terms O(1)(t, s, z∗) reveal some novel fea-
tures of coherence dynamics measured by quantum fi-
delity. Fig. 1(a) shows the plot of fidelity against time
for different environmental memory times τ = 1/γ, γ =
0.3, 1.0, 3.0. Clearly, the fidelity is profoundly affected by
the memory times. The result suggests a rather interest-
ing feature that quantum coherence can typically survive
longer in a non-Markovian dissipative environment. An-
other interesting feature arising from this system is that,
for a strong non-Markovian environment with γ = 0.3,
the quantum fidelity is closely related to the degree of en-
tanglement of initial three-qubit Werner states measured
by the parameter Q [Fig. 1(b)]. As the initial state ap-
proaches separable state, the state becomes less affected
by the environment reflecting the fragile feature of an
entangled state [35].
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FIG. 1. (Color online) Evaluating fidelity under the influ-
ence of non-Markovian amplitude damping noise via quantum
trajectories (1000 realizations [34]). The initial state is the
Werner state with parameter Q: W = Q
8
I8+(1−Q)|ψ0〉〈ψ0|,
where |ψ0〉 = (1/
√
3)(|100〉 + |010〉 + |001〉). (a) Fixed initial
pure state with Q = 0 for different γ; (b) Fidelity for different
mixed states for the same noise with γ = 0.3.
The exact QSD equation Eq. (4) is known to be
a remarkable analytical tool complementing the non-
Markovian master equation. In the case of multiple-
qubit systems, the exact master equations are still un-
known. Here the exact QSD equation is employed
in quantum dynamical control of a three-qubit sys-
tem. Now we consider a three-qubit system, and ar-
range the order of basis vectors in the following way,
{|111〉, |s1〉, |b1〉, |c1〉, |s2〉, |b2〉, |c2〉, |000〉}, where |s1〉 ≡
(|110〉 + |101〉 + |011〉)/√3, |a1〉 ≡ (−2|110〉 + |101〉 +
|011〉)/√6, |b1〉 ≡ (|101〉 − |011〉)/
√
2, |s2〉 ≡ (|100〉 +
|010〉+ |001〉)/√3, |a2〉 ≡ (−2|100〉+ |010〉+ |001〉)/
√
6,
and |b2〉 ≡ (|010〉 − |001〉)/
√
2, then the effective Hamil-
tonian for the exact QSD equation can be written as,
Heff =


3ω/2− 3iF1 0 0 0 0 0 0 0
−√3i(2U (1)1 − z∗t ) ω/2− 4iF4 − 2iF3 0 0 0 0 0 0
0 0 ω/2− if 0 0 0 0 0
0 0 0 ω/2− if 0 0 0 0
−√3U (2)1 −3iU (1)2 + 2iz∗t 0 0 −ω/2− 3iF2 0 0 0
0 0 iz∗t /2 −
√
3iz∗t /2 0 −ω/2 0 0
0 0 −√3iz∗t /2 −iz∗t /2 0 0 −ω/2 0
0 0 0 0 0 0 0 −3ω/2


, (10)
where f ≡ F4 − F3, U (1)j ≡
∫ t
0 dsP
(1)
j (t, s)z
∗
s , j = 1, 2,
U
(2)
1 ≡
∫ t
0
∫ t
0 ds1ds2P
(2)
1 (t, s1, s2)z
∗
s1z
∗
s2 , and all of these
functions and coefficients could be found in Appendix
B. From Eq. (10), we can easily identify a decoherence-
free subspace (DFS) spanned by |b2〉 and |c2〉, in which
entangled states can be protected. In contrast, in the
case of two-qubit or qubit-qutrit systems, the DFS only
contains the state (|10〉 − |01〉)/√2.
An arbitrary pure state ψ0 living in the one-exciton
subspace may be represented by |ψ0〉 = d1|s2〉+ d2|b2〉+
d3|c2〉 with |d1|2+ |d2|2+ |d3|2 = 1. By Eqs. (4) and (10),
|ψt(z∗)〉 = eiωt/2(e−3
∫
t
0
dsF2(s)d1|s2〉 + d2|b2〉 + d3|c2〉),
where ∂tF2(t) = γ/2+ (−γ+ iω)F2+3F 22 and F2(0) = 0
[see Eq. (B3)]. Thus ρt =M [|ψt(z∗)〉〈ψt(z∗)|] = |ψt〉〈ψt|
and the fidelity is
〈ψ0|ρt|ψ0〉 = |1− (1− e−3
∫
t
0
dsF2(s))|d1|2|2. (11)
A simple yet efficient control method is to make the in-
tegral in Eq. (11) as small as possible, thus the state can
be stabilized in the initial state (fidelity is close to 1).
For this purpose, we consider the external control field
applied to the three-qubit system, that is, we replace ω
with ω + c(t) [36], where c(t) is a control function that
will constantly modulate the frequency of the qubit sys-
tem. Fig. (2) shows the effect of fidelity control for the
parameter |d1|2, and the environmental memory time γ.
It is interesting to see that an effective control of fidelity
can be made possible only for a small γ, i.e. long mem-
ory time τ . When |d1|2 approaches 0 or 1, the condition
imposed on the memory time could be relaxed since |d1|
is close to 0, it means that the initial state has a large
overlap with the DFS, so the state is robust against the
influence of noise. On the other hand, if the parameter
d1 is close to 1, the fidelity approaches to |e−6
∫
t
0
dsF2(s)|,
where the integral can be very close to zero in the case
that the control parameters in C(t) are chosen properly.
From Eq. (10), one can apply a similar control scheme
to the states spanned by |b1〉 and |c1〉. In fact, we only
need to control the integral of f(t), where f(t) satisfies
∂tf(t) = γ/2+(−γ+iω)f+f2 and f(0) = 0 [see Eqs. (B4)
and (B5)]. It is easy to show that the control scheme is
also applicable to the other interesting initial states.
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FIG. 2. (Color online) Fidelity [see Eq. (11)] under the control
of a periodical rectangular pulse sequence c(t), whose period,
duration time and strength are T , ∆ and Φ/∆, respectively.
The initial state is an arbitrary pure state with only one ex-
citation. We choose Φ = ω, T/∆ = 2 and take a snap at the
moment ωt = 10.
V. CONCLUSION AND OUTLOOK
We have established the exact non-Markovian QSD
equations for N -qubit systems coupled to a common
bosonic environment. We discussed the free and con-
trolled dynamics of a three-qubit system to illustrate
the power of the exact QSD equation. The results are
easily extendable to interacting qubits and high dimen-
sional systems. Our findings will have many applications
in many-body quantum coherence dynamics and quan-
tum information science as illustrated by the examples
in this paper. In particular, we expect that the results
will be useful for research on many-qubit coherence and
entanglement control as shown in a three-qubit model
presented in this paper.
In addition, our results can motivate other lines of re-
search. Clearly, it is important to apply the many-body
QSD equations to the important non-Markovian physi-
cal systems such as atomic ensembles in an optical cavity
and atomic dynamics in photonic crystals. Furthermore,
it would be of interest to extend the current methods to
the case of hybrid quantum systems consisting of both
continuous and discrete variables.
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Appendix A: Proof for the O-operator in N-qubit
dissipative model
The commutation properties ([σz , σ−] = −2σ−,
[σ+, σ−] = σz , [σ+σ−, σ−] = −σ−, · · · ) in the consis-
tency condition of Eq. (3) for the system Hamiltonian
and coupling operator in Eq. (6) ensures that we can
always find a closed set of basis operator to form the O-
operator. Yet one should note that the choice of basis
could be arbitrary and sometimes redundant. As long
as the O-operator complies with Eq. (3), they must give
rise to a unique solution of the QSD equation as well as
the dynamics. Consequently, it is easy to see we may ob-
tain a set of exact integro-differential equations for the
O-operator, hence we can establish an exact equation for
the dynamics of the multiple-qubit model.
Furthermore, for the case with non-identical transition
frequencies of qubits and asymmetrical couplings to the
common bath, we can still obtain the exact equations for
the O-operator which typically contains more terms than
that given in the Table I.
Now we start to prove Table I or Eqs. (7) and (8). As
the matter of understanding convenience, we define a spe-
cial “minus exciton number” Nme for each operator basis
(It must be a product of Pauli matrix for every qubit, i.e.
σ
(1)
x1 σ
(2)
x2 · · ·σ(N)xN , where xj ∈ {+,−, z, 0}, j = 1, 2, · · · , N
and σ0 ≡ I) in O-operator. It is settled that Nme = 0
for the identical operator I and σz and Nme = ∓1 for
σ±. The number Nme for an operator basis is deter-
mined by the addition of that for each qubit. Evidently,
Nme(σ
1
+σ
2
−) = (−1) + 1 = 0, Nme(σ1−σ2−) = 1 + 1 = 2,
Nme(σ
1
zσ
2
−) = 0+1 = 1, etc. And the minus exciton num-
ber for an arbitrary operator as a combination of operator
bases with the same Nme = n also equals to n. There-
fore, Nme(Hsys) = 0, Nme(L) = 1 and Nme(L
†L) = 0.
When starting to construct an exact O-operator, we need
to insert Eq. (5) (the first term could be usually chosen
as L or a part of L due to the initial condition), into
Eq. (3). Then we encounter with three commuters and
one functional derivative. It is easy to find
Nme
(
[Hsys, O
(k)
j ]
)
= Nme(O
(k)
j ) = k + 1, (A1)
Nme
(
[Lz∗t , O
(k)
j ]
)
= Nme(O
(k)
j ) + 1 = Nme(O
(k+1)
j )
= k + 2, (A2)
Nme
(
[L†O
(k′)
l , O
(k)
j ]
)
= Nme(O
(k′)
l ) +Nme(O
(k)
j )− 1
= k + k′ + 1, (A3)
Nme
(
L†
δO¯(k)(t, z∗)
δz∗s
)
= Nme(O
(k)
j )− 1 = Nme(O(k−1)j )
= k, k > 1. (A4)
We can conclude that (i) the commuter operation [Hsys, ·]
only generate the operator bases with the same order of
noise integral; (ii) the commuters [Lz∗t , ·] and [L†O¯, ·]
in Eq. (3) will bring more and more new operators
with larger and larger Nme into the construction of O-
6operator; (iii) the functional derivative could be used to
derive the boundary conditions between O
(k)
j and O
(k−1)
j ,
and it is also consistent with the existence of O
(0)
j that
must be found in the coupling operator L.
To our model in Eq. (6), the iteration is finite since
for an N -qubit system, max{Nme} = N , which corre-
sponds to the operator basis
∏N
j=1 σ
(j)
− . We can check
[Lz∗t ,
∏N
j=1 σ
(j)
− ] = 0 and [L
†O
(k′)
l ,
∏N
j=1 σ
(j)
− ] = 0 with
k′ > 1 by Eqs. (A2) and (A3). ThereforeM = N−1 and
O(M) could be chosen as
∏N
j=1 σ
(j)
− or its multiplier. Thus
m(N,N − 1) = 1, which is independent on the choice of
O-operator bases. For the other order of O-operators
O
(k)
j , they must be constructed by operator basis with
“minus exciton number” Nme = k + 1.
Now we can start to find the basis operator O
(k)
j , 0 6
k 6 M , explicitly. Here we rewrite Okj into O
(k)
N,j to
indicate there are N qubits in the system. For N =
1, O
(0)
1,1 = σ−; For N = 2, O
(0)
2,1 = σ
(1)
− + σ
(2)
− , O
(0)
2,2 =
σ
(1)
− σ
(2)
z +σ
(2)
− σ
(1)
z , O
(1)
2,1 = σ
(1)
− σ
(2)
− (These two cases have
been justified in the previous works about single qubit
and two-qubit dissipative dynamics respectively by QSD
method); For N > 3, they could be chosen as
O
(0)
N,1 =
N∑
i=1
σ
(i)
− , (A5)
O
(0)
N,j =
∑
p



 nN−1∏
i=nN+1−j
σ(i)z

 σ(nN )−

 , N > j > 2,
O
(0)
N,j =
∑
p
(
O
(0)
N−2,j−Nσ
(nN−1)
+ σ
(nN )
−
)
, j > N (A6)
O
(k)
N,j =
∑
p
(
O
(k−1)
N−1,jσ
(nN )
−
)
, (A7)
where
∑
p means the summation of all kinds of permuta-
tion of N different numbers n1, · · · , nN over 1, 2, · · · , N .
These bases are not only linear independent but also com-
pleted. And for the model with nonidentical qubits, we
have to exhaust each term with Nme(O
k
j ) = k + 1, and
their number is indeed also finite.
Then the third step is to apply the idea of mathemat-
ical induction to verify Eqs. (A6) and (A7), which are
obviously equivalent to Eqs. (7) and (8) respectively. By
the construction method given in Eqs. (A6) and (A7), it
is straightforwardly to write the O-operator for the three
identical qubits model explicitly:
O
(0)
1 = σ
(1)
− + σ
(2)
− + σ
(3)
− ,
O
(0)
2 = (σ
(1)
z + σ
(2)
z )σ
(3)
− + (σ
(1)
z + σ
(3)
z )σ
(2)
−
+ (σ(2)z + σ
(3)
z )σ
(1)
− ,
O
(0)
3 = σ
(1)
z σ
(2)
z σ
(3)
− + σ
(1)
z σ
(3)
z σ
(2)
− + σ
(2)
z σ
(3)
z σ
(1)
− ,
O
(0)
4 = σ
(1)
− σ
(2)
− σ
(3)
+ + σ
(1)
− σ
(3)
− σ
(2)
+ + σ
(2)
− σ
(3)
− σ
(1)
+ ,
O
(1)
1 = σ
(1)
− σ
(3)
− + σ
(2)
− σ
(3)
− + σ
(1)
− σ
(2)
− ,
O
(1)
2 = σ
(1)
− σ
(2)
− σ
(3)
z + σ
(1)
− σ
(3)
− σ
(2)
z + σ
(2)
− σ
(3)
− σ
(1)
z ,
O
(2)
1 = σ
(1)
− σ
(2)
− σ
(3)
− . (A8)
O
(0)
j (j = 1, 2, 3, 4), O
(1)
j (j = 1, 2), and O
(2)
1 have ex-
hausted all the possibilities of the symmetry combina-
tions according to Nme = 1, 2, 3, respectively. It is easy
to check they satisfy Eqs. (A1), (A2), (A3), (A4) and
(3). Through the same iteration process, we could also
construct the O-operators for the cases with N > 4.
As we stated in the main text, in practice, for each
group of operators with the same k, we could use any
linear combinations of them into the construction of O-
operator to reduce the computation complexity as long as
the new operator is also consisted by a completed basis.
Thus the number of solution is infinite.
Appendix B: Three-qubit model
It is instructive to work out the O-operator and the fol-
lowing differential equations of its coefficients for N = 3
in detail (for a two-qubit case, see, [22]). In the isotropic
condition of Eq. (6), it has four terms without noise, two
terms containing linear noise, and one term containing
double integration over noises:
O =
4∑
j=1
fj(t, s)D
(0)
j +
2∑
j=1
∫ t
0
p
(1)
j (t, s, s1)z
∗
s1ds1D
(1)
j
+
∫∫ t
0
p
(2)
1 (t, s, s1, s2)z
∗
s1z
∗
s2ds1ds2D
(2)
1 , (B1)
where we chose another group of operator bases indicated
by D to simplify the calculation other than those given
in Eq. (A8). It is also valid since this O-operator satisfies
Eq. (3). Explicitly, the operators in Eq. (B1) are D
(0)
1 =
(O
(0)
1 + O
(0)
2 + O
(0)
3 )/4, D
(0)
2 = (O
(0)
1 − O(0)2 + O(0)3 )/4,
D
(0)
3 = O
(0)
4 , D
(0)
4 = (O
(0)
1 − O(0)2 )/2, D(1)1 = (O(1)1 +
O
(1)
2 )/2, D
(1)
2 = (O
(1)
1 −O(1)2 )/2, and D(2)1 = O(2)1 .
And then the initial conditions [By O(s, s, z∗) = L]
are:
f1(s, s) = f2(s, s) = f4(s, s) = 1,
f3(s, s) = p
(1)
1 (s, s, s1) = p
(1)
2 (s, s, s1)
= p
(2)
1 (s, s, s1, s2) = 0.
7Substituting Eq. (B1) into Eq. (3), and comparing all
the coefficients belong to the same basis operators, we
finally get:
∂tf1(t, s) = iωf1 + 3F1f1 − 2F3f1 − 4F4f1 − 2P (1)1 (t, s)
∂tf2(t, s) = iωf2 + 3F2f2
∂tf3(t, s) = iωf3 − F2f3 − 2F2f4 + 2F3f4 + 2F4f3
+ 2F4f4 − P (1)2 (t, s),
∂tf4(t, s) = iωf4 − F2f3 − 2F2f4 + F3f3 + F3f4
+ F4f3 + 3F4f4 − P (1)2 (t, s),
∂tp
(1)
1 (t, s, s1) = 2iωp
(1)
1 + 3F1p
(1)
1 − 3F2p(1)1
+ 2P
(1)
1 (t, s1)f3 + 4P
(1)
1 (t, s1)f4
− 3P (1)2 (t, s1)f1 − 2P (2)1 (t, s, s1)
∂tp
(1)
2 (t, s, s1) = 2iωp
(1)
2 + 2F3p
(1)
2 + 4F4p
(1)
2
+ 3P
(1)
2 (t, s1)f2
∂tp
(2)
1 (t, s, s1, s2) = 3iωp
(2)
1 + 3P
(2)
1 (t, s1, s2)f2
+ 3F1p
(2)
1 + 6P
(1)
1 (t, s1)p
(1)
2 (t, s, s2)
together with the boundary conditions:
p
(1)
1 (t, s, t) = 2f1(t, s)− f3(t, s)− 2f4(t, s),
p
(1)
2 (t, s, t) = −2f2(t, s) + f3(t, s) + 2f4(t, s),
2p
(2)
1 (t, s, t, s1) = 3p
(1)
1 (t, s, s1)− 3p(1)2 (t, s, s1).
If the correlation function is taken as Ornstein-
Uhlenbeck process in Eq. (9), and by definitions P¯
(1)
1 (t) ≡∫ t
0 dsα(t, s)P
(1)
1 (t, s), P¯
(1)
2 (t) ≡
∫ t
0 dsα(t, s)P
(1)
2 (t, s),
P¯
(2)
1 (t, s1) ≡
∫ t
0
dsα(t, s)P
(2)
1 (t, s, s1), and P˜
(2)
1 (t) ≡∫ t
0 dsα(t, s)P¯
(2)
1 (t, s), then after a straightforward deriva-
tion, we have:
∂tF1(t) =
γ
2
+ (−γ + iω)F1 + 3F 21 − 2F1F3
− 4F1F4 − 2P¯ (1)1 (B2)
∂tF2(t) =
γ
2
+ (−γ + iω)F2 + 3F 22 (B3)
∂tF3(t) = (−γ + iω)F3 − F2F3 − 2F2F4 + 4F3F4
+ 2F 24 − P¯ (1)2 (B4)
∂tF4(t) =
γ
2
+ (−γ + iω)F4 − F2F3 − 2F2F4 + F 23
+ 2F3F4 + 3F
2
4 − P¯ (1)2 (B5)
∂tP¯
(1)
1 (t) = (−2γ + 2iω)P¯ (1)1 +
γ
2
(2F1 − F3 − 2F4)
+ (3F1 − 3F2 + 2F3 + 4F4)P¯ (1)1
− 3F1P¯ (1)2 − 2P˜ (2)1 (B6)
∂tP¯
(1)
2 (t) = (−2γ + 2iω)P¯ (1)2 +
γ
2
(−2F2 + F3 + 2F4)
+ 2F3P¯
(1)
2 + 4F4P¯
(1)
2 + 3F2P¯
(1)
2 (B7)
∂tP˜
(2)
1 (t) = (−3γ + 3iω)P˜ (1)2 +
γ
4
(3P¯
(1)
1 − 3P¯ (1)2 )
+ 3F1P˜
(2)
1 + 3F2P˜
(2)
1 + 6P¯
(1)
1 P¯
(1)
2 (B8)
In the anisotropic case where Hsys =
ω1
2 σ
(1)
z +
ω2
2 σ
(2)
z +
ω3
2 σ
(3)
z , and L = g1σ
(1)
− + g2σ
(2)
− + g3σ
(3)
− , we can show
that, although all of the symmetries are broken, one can
still obtain the basis operators for this general three qubit
model. The most straightforward way is to decompose
those operators in Eq. (A8), i.e. to take each single prod-
uct term as one individual basis operators. All together,
it will have 22 terms:
O
(0)
1 = σ
(1)
− , O
(0)
2 = σ
(2)
− , O
(0)
3 = σ
(3)
− ,
O
(0)
4 = σ
(1)
z σ
(3)
− , O
(0)
5 = σ
(2)
z σ
(3)
− ,
O
(0)
6 = σ
(1)
z σ
(2)
− , O
(0)
7 = σ
(3)
z σ
(2)
− ,
O
(0)
8 = σ
(2)
z σ
(1)
− , O
(0)
9 = σ
(3)
z σ
(1)
− ,
O
(0)
10 = σ
(1)
z σ
(2)
z σ
(3)
− , O
(0)
11 = σ
(1)
z σ
(3)
z σ
(2)
− ,
O
(0)
12 = σ
(2)
z σ
(3)
z σ
(1)
− , O
(0)
13 = σ
(1)
− σ
(2)
− σ
(3)
+ ,
O
(0)
14 = σ
(1)
− σ
(3)
− σ
(2)
+ , O
(0)
15 = σ
(2)
− σ
(3)
− σ
(1)
+ ,
O
(1)
1 = σ
(1)
− σ
(3)
− , O
(1)
2 = σ
(2)
− σ
(3)
− ,
O
(1)
3 = σ
(1)
− σ
(2)
− , O
(1)
4 = σ
(1)
− σ
(2)
− σ
(3)
z ,
O
(1)
5 = σ
(1)
− σ
(3)
− σ
(2)
z , O
(1)
6 = σ
(2)
− σ
(3)
− σ
(1)
z ,
O
(2)
1 = σ
(1)
− σ
(2)
− σ
(3)
− . (B9)
So in the O-operator construction, we have 15 noise-free
terms, 6 linear-noise terms, and 1 double-fold-noise term.
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